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We have recently shown that dense quark matter possesses a color ferromagnetic phase in which 
a stable color magnetic field arises spontaneously. This ferromagnetic state has been known to 
be Savvidy vacuum in the vacuum sector. Although the Savvidy vacuum is unstable, the state 
is stabilized in the quark matter. The stabilization is achieved by the formation of quantum Hall 
states of gluons, that is, by the condensation of the gluon's color charges transmitted from the quark 
matter. The phase is realized between the hadronic phase and the color superconducting phase. 
After a review of quantum Hall states of electrons in semiconductors, we discuss the properties of 
quantum Hall states of gluons in quark matter in detail. Especially, we evaluate the energy of the 
states as a function of the coupling constant. We also analyze solutions of vortex excitations in the 
states and evaluate their energies. We find that the states become unstable as the gauge coupling 
constant becomes large, or the chemical potential of the quarks becomes small, as expected. On 
the other hand, with the increase of the chemical potential, the color superconducting state arises 
instead of the ferromagnetic state. We also show that the quark matter produced by heavy ion 
collisions generates observable strong magnetic field ~ 10^^ Gauss when it enters the ferromagnetic 
phase. 

PACS numbers: 12.38.-t, 12.38.Mh, 24.85.+p, 73.43.-f 
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I. INTRODUCTION 

Quark matter is known or expected to have several phases, hadronic phase, quark gluon plasma phase and color 
superconducting phasepj. When the density of the quarks is small, the hadronic phase arises in low temperature 
owing to very strong gluonic interactions. Thus, the quarks in the phase are confined|2, 1^ in the hadrons. On the 
other hand when the density of the quarks is sufficiently large, the color superconducting phase is expected to arise. 
In such a case, gluonic interactions are small, so that attractive forces operate perturbatively between anti-triplet 
pair of the quarks. Thus, the condensation of the pairs arises to make the superconducting phase realized. When 
the temperature is sufficiently high, quark matter in both phases melts and forms the quark gluon plasma. Among 
the phases only the hadronic phase is observed. Although the color superconducting phase is very intriguing, present 
experiments could not produce the phase because large chemical potentials of the quark number such as 1 GeV is 
needed for the production of the phase. 

We have recently discussed a possibility of the stable color ferromagnetic states in dense quark matter. The 
ferromagnetic state is caused by the condensation of the color magnetic field, not by the alignment of the quark's 
magnetic moments. The states are realized between the hadronic state and the color superconducting state when the 
chemical potential is varied. Thus, the phase could be observed in the present experiments. The ferromagnetic states 
possess a spontaneously generated color magnetic field in maximal Abelian sub-algebra and also involve a quantum 
Hall state of off-diagonal gluons. The gluons have been known to have unstable modesj^] in the color magnetic field 
B. They occupy the lowest Landau level with their spins pointed to the magnetic field and with their energies being 
imaginary. The existence of these unstable modes implies that the naive ferromagnetic state ( Savvidy vacuum j^) 
is unstable. We have recently shown 4] that the formation of the gluon's quantum Hall state ( QHS ) caused by the 
condensation of the unstable modes stabilizes the ferromagnetic state. 

In this paper we review QHSj?! of electrons in semiconductor and Chern-Simons gauge theory Q for describing the 
QHS in the next section. This is because the phenomena and its theory are not popular with hadron physicists. In 
the section iHll applying the theory to the unstable gluons, we discuss the properties of QHS of the gluons; incom- 
pressibility, Laughlin quasiparticle, etc. Especially, we numerically show that the energy of the Laughlin quasiparticle 
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becomes smaller as the gauge coupling constant becomes larger. Since it may vanish at the infinite coupling constant, 
a bound state of the quasiparticle and anti-quasiparticle would be a state with zero energy even at finite coupling 
constant. This implies that the QHS of the gluons becomes unstable against the creation of the bound states at 
the coupling constant. These excitations destroy Laughlin state of the gluons. As a result, the QHS decays and the 
ferromagnetic state also decays. Instead, quark confining state would appear at such large coupling constant. In other 
word, at small chemical potential the hadronic phase arises instead of the ferromagnetic phase. In the section Hvl we 
show that the color superconducting state is more favored than the ferromagnetic state when the number density of 
the quarks is sufhciently large. In the section^we consider phenomenological implications of the color ferromagnetic 
states of the quark matter. Finally in the section IVll we discuss that the existence of the ferromagnetic phase is a 
very natural consequence in the gluon and quark dynamics. 



QHS of electrons was discovered 9j in 1980 by von Klitzing. He has observed a plateau of Hall conductivities a^y as 
a function of magnetic field imposed on the two-dimensional quantum well fabricated in a semiconductor. It implies 
that a^y is quantized with the unit of the fundamental constant e^/27r?i at the plateau. It is called quantum Hall effect. 
The observation indicated the existence of a specific state of two-dimensional electrons in the well under the strong 
magnetic field, B, typically 10^ Gauss. In these experiments, electrons are trapped in two-dimensional quantum well 
with its width ^ 10 nm, so that their motions are restricted in two-dimensional space. In order to move in a direction 
perpendicular to the space, electrons need to gain energies 100 eV. Thus, in experiments with low temperature 
~ IK, electrons move only in the two-dimensional space. 

The two-dimensional electrons in the magnetic field make cyclotron motions with their radius is = 1/VeB and 
their states are specified by Landau levels. Each of them has a large number of degenerate states; the degeneracy 
per unit area is given by eBjl-n. The original QHS was called integer quantum Hall state since the state is observed 
at filling factor being integer; the filling factor is defined as Pf./ {eB /2-k) ( p^. is two-dimensional number density of 
electrons, typically 10^^/cm^. ) Thus, the filling factor means a fraction of electron occupation in a Landau level. 
For example, the filling factor = 1/3 implies that electrons occupy a third of the lowest Landau level. The integer 
filling factor implies that some of Landau levels are completely occupied. 

Integer quantum Hall effect can be understood as a localization property of each two-dimensional electrons; some 
of them are localized due to impurities and the others are not localized in the magnetic field in spite of the impurities. 
In general, all of two-dimensional electrons must be localized around impurities. This is well known as Anderson 
localization. Then, the system is an insulator because there are no carriers of electric currents; localized electrons do 
not carry the currents. But the localization theorem does not hold when the magnetic field is present. We note that 
the effect of the impurities lifts the degeneracy of the states in a Landau level. Thus, the density of states has a finite 
width. Under the circumstance, almost of all the states are still localized. But, electrons occupying the states around 
the center of the Landau level are extended all over the system so that they can carry electric currents. This property 
of the localization in two dimensional electrons yields plateaus in the Hall conductivity around v = integers. In this 
way, integer quantum Hall effects are caused by the interplay of the impurities and each electron, and many-body 
correlations among electrons are not important. 



Fractional quantum Hall effects were discovered [lOj in 1982 by Tsui at the filling factor being fractional numbers, 
e.g. 1/3, 2/3. ( He observed quantum Hall plateaus at such fractional filling factors. ) Electrons occupy a fraction 
in the lowest Landau level. The fractional QHSs are understood to be caused by many-body effects of electrons, just 
like superconductivity. Impurities do not play important roles in these QHSs. Laughlin 11] proposed a wavefunction 
for this QHS, at the filling factor being 1/n, 



II. QUANTUM HALL STATE OF ELECTRONS 



A. Integer quantum Hall state 



B. Fractional quantum Hall state 




(1) 



with z = X + iy denoting complex coordinate of electrons with charge — e, where we have used a symmetric gauge 
potential — {yB/2, —xB/2, 0) for the magnetic field. Here, n is an odd integer for the Fermi statistics of electrons. 
Numerical simulations show that the ground states of the electrons at the fractional filling factors are well described 
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by the Laughlin wavefunctions even if the repulsive Coulomb interaction is replaced by a delta function; the precise 
form of the interaction between electrons is not important for the realization of QHS. 

In general, a system of electrons partially occupying the lowest Landau level is compressible, namely, the system 
has no gap; excitation levels are distributed continuously above the ground state. However, the QHS has a gap just 
like the BCS state. That is, the QHS is characterized as a state with gap. We note that free electron gas has no gap, 
so that even with the Coulomb interaction taken into account the gas does not gain the gap in general. But the BCS 
states are gapped states formed from Fermi gas with small attractive force among electrons around Fermi surface. 
Similarly, the QHSs are gapped states formed from the gas of two-dimensional electrons interacting repulsively with 
each other under the strong magnetic field. These gapped states arise at the fractional filling factors. 

The gap of the QHS is given by the energy of the bound state of the Laughlin's quasiparticles. The quasiparticles 
were originally discussed by Laughlin based on the Laughlin wave functions 0- They were argued to possess fractional 
electric charges ±e/rt in the QHS with the filling factor, v = 1/n. Namely, If we add an electron to the QHS, there 
appear n Laughlin's quasiparticles each of which possesses a fractional charge of —e/n. On the other hand, if we 
extract an electron from the state, there appear n Laughlin's anti-quasiparticles, each of which possesses a fractional 
charge of e/n. These quasiparticles, not electrons, play the role of carrying electric currents in the fractional QHS. 
Therefore, the Hall conductivity is given by e/27r x e/n. The plateaus at the fractional filling factor are understood^] 
as the localization properties of these quasiparticles. The excitations on the QHS are given by bound states of the 
quasiparticle and anti-quasiparticle; they attract each other because of the Coulomb interaction. In this way the gap 
of the QHS is given by the energy of this bound state of the Laughlin's quasiparticles. 

C. Chern-Simons gauge theory of quantum Hall state 

We have BCS theory for understanding superconducting states. But we do not have similar theory for the QHS. 
Namely, there is no effective fermionic theory of electrons explaining the properties of the QHS, e.g. Laughlin 
wavefunctions. We only know that numerical simulations using Hamiltonian of electrons interacting with each other 
through the Coulomb potential, confirm the validity of the wavefunctions and the gap in the state. On the other 
hand, there is a bosonic theory in the case of the superconductivity, which is well known as Landau- Ginzburg theory. 
Similarly, there is a Chern-Simons gauge theory of bosonized electrons for understanding the QHS. In this section, 
we wish to explain it. 

It is well known that BCS states are described by Landau-Ginzburg effective Lagrangian, 

Lbcs = 1(^5^ + 2eA^)0|2 + m2|0|2 - \\^\^ - ^F^^F^^'' (2) 

where (j) and denote Cooper pair of electrons and electromagnetic fields respectively. The ground state is a 
condensed state of the Cooper pairs, namely, {(j)) — \Jm?- /2\. Since the gauge symmetry, (j)e'^^'^^'> and 

~^ dp,A/2e, is spontaneously broken, vortex excitations with the magnetic flux 27r/2e arise. These are magnetic 
vortices penetrating superconductors. When we switch off the gauge interaction, we have an effective model of 
superfluids. 

Similarly, there is a bosonic theory for the QHS of electrons. It is a theory of composite electrons with Chern-Simons 
gauge fieldjl, 113, 

^QHS = 0l(«9o - ao)0e + c.c. - - — \{idi + eAf - ai)0o|^ - Vcouiomb + —t'^''^a^duav (3) 

where me denotes mass of electrons and Vcouiomb = / (Px(Py{e\(t)c[x)\'^ — p) 2 \ x-y \ i^\4'e{y)\'^ — p) is the Coulomb 
interaction between electrons with background positive charges p. The term denotes the external magnetic field 
imposed for the realization of QHS and has no kinetic term. The factor of a should be taken as Trxodd integer for 
the boson field </)o to describe fermionic electrons. 

The boson field (p^ represents composite electrons; boson </)e attached with flux of a^. That is, fermions in two- 
dimensional space can be described by bosons attached with a fictitious flux 2a of Chern-Simons gauge field a^. Owing 
to this flux, the exchange of the bosonic particles induces a phase e*" in their wavefunction. Thus, with the choice of 
a = TTXodd integer, the wavefunctions represent particles with Fermi statistics. One can show that Lqhs serves to 
describe the composite electrons. 

Using Hamiltonian derived from the Lagrangian, we can obtain Schrodinger equation for electrons with Fermi 
statistics. In that sense, the Lagrangian correctly describes two-dimensional system of electrons in the magnetic field. 
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We should note that if Chern-Simons gauge fields are absent in the above Lagrangian and (j)^ obeys Fermi statistics, 
the Lagrangian describes ordinary electron system. 

We should comment that the field (p^ describes an electron with a particular spin component parallel to the magnetic 
field. In order to describe the electron with the other spin component, we need an additional boson field as well as 
Chern-Simon gauge fields. 

^From equations of motions derived from Xqhs, we can see that QHSs are ground-state solutions such as (0o) 7^ 
similar to the case of BCS states. These solutions can be obtained only when the relation, eAf = Ui, holds. Namely, 
the magnetic field eAf is canceled by the Chern-Simons gauge field a^. The Chern-Simons flux eijdiQj can be 
represented by the density pe of electrons (j)l(j)e such as (plcj^c = —^ijdiaj /2a, an equation derived by taking variational 
derivative of ^qhs in ^^o- Hence, the solutions can be found only when the filling factor v = 2'npa/eB is given by 
Ti/a. In this way we can understand that QHSs are condensed states of bosonized electrons (p^ and are realized only 
at V = 1/3, 1/5, etc. for a = Stt, Stt, etc. 

In order to see|l2| that the states are really QHSs with appropriate Hall conductivities, axy, we derive a^y in the 
following. We introduce a gauge potential of electric field E — —OqA — OAq in Lqhs; (l>l{ido — Qq + ev4o)0c + • • • 
. Shifting the integration variable of in the functional integral Z(A^) = J D(j>cDafj,exp{i J (PxdtLQiis) such as 
a.fi ~^ + eA^, we calculate electric current jx = —idA^ logZ, which is given by e'^Ey/2a in the state of ((/)e) = ^/pl 
and {—dotty — dyUo) — 0. Thus, the Hall conductivity is correctly given by ve^ I2t^. In this way we find that the 
condensed state of the bosonized electrons is the QHS. ( One ( A.I. ) of the authors previously showedTs^ that 
Laughlin wavefunctions can be derived from the condensed states of the field 0e- ) 

Laughlin's quasiparticles are excited states of the QHS. In the picture of the bosonized electrons, they are presented 
by vortex excitations on the state of ((/)c) = 7^ 0, where U(l) gauge symmetry ( 0o — > </'ce*® and ^ — 9^0 
) is spontaneously broken and hence there are topological excitations associated with the symmetry. Actually, we can 
find a vortex soliton such that (\)c{x) = f{r) exp(m0) with boundary conditions, /(?') and ^ —di(n9) + eAi 

as r — > 00 and /(r = 0) = 0, where 9 is an azimuthal angle and n is an integer. This vortex is similar to the magnetic 
vortex in the superconductor, but the former has a quantized electron number while the latter has the quantized 
magnetic flux. This is because the flux quantization — J (Pxeijdiaj = 2im implies the electron number quantization 
iVe = — / (PxCijdiaj /2a = irn/a of the vortex solutions. Thus, Laughlin's quasiparticles have a fractional electric 
charge such as e/3. This fractionality of the electric charges has been observed 14] . In this way the theory of the 
composite electrons can describe the QHSs as condensed states of bosons in the mean field approximation just like 
Landau-Ginzburg theory of superconducting states. ( This similarity can naturally lead to a prediction of the presence 
of Josephson effects in bilayer quantum Hall systems^].) 



III. QUANTUM HALL STATE OF GLUONS 

A. Unstable gluons in color magnetic field 

Up to now, we have given a brief review of the theory of QHSs in the two-dimensional electron system. We, now, 
apply the idea to analyze a QHS of gluons, which appears in dense quark matter. We discuss SU(2) gauge theory for 
simplicity. 

It has been known '6^| that in the gauge theory one-loop effective potential for color magnetic field has non-trivial 
minimum; V{gB) — jg^g'^B^ {^og{gB / A^) — 5) — ^5^^^, with an appropriate renormalization of the gauge coupling 
g. Here, we have not included contributions from quarks. Even if their contributions are included, only change in 
V{gB) is a numerical factor in the coefficient of the first term. ( Beyond the one-loop approximation, the presence 
of the nontrivial minimum in gB has been proved [iGj in general under the assumption that the running coupling 
constant g{gB) becomes infinity at a finite gB. ) This apparently seems to imply spontaneous generation of the 
color magnetic field, namely, the realization of a ferromagnetic state. But it is not so simple since the imaginary 
part in V{gB) is present when gB 7^ 0. It means that the state with the magnetic field is unstable as well as 
the perturbative vacuum state with gB = 0. Actually, the unstable modes of gluons are present" 16] in the state 
with the magnetic field and are expected to make some stable condensed states. What kind of the stable state is 
formed of the unstable gluons? We have shown 4] that the state is a QHS of the gluons with the color magnetic 
field. In order to explain it, we rewrite the gluon's Lagrangian with the use of the variables, "electromagnetic field" 
A^ = A^^, and "charged vector field" <i>^ = [A^^ + iA^^)/y/2 where indices 1 ~ 3 denote color components. 
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+z.g(9M'' - d''A^)^l^, + ^-{^^.^l - ^u^lf (4) 

with = dfj^+igA^. We have used a gauge condition, Df^^^ = 0. Using the Lagrangian we can derive that the energy 
E of the charged vector field $^ cx e*^* in the magnetic field, ~ A^, is given by E"^ = fc| + 2gB{n + 1/2) ± 2gB 

with a gauge choice, A^ — {Q,xiB,0) and (9^ + igA^)^^ ~ 0, where we have taken the spatial direction of B being 
along 0:3 axis. i:2gB expresses the contribution from spin components of The integer n > and represent 
Landau level and momentum in the direction parallel to the magnetic field, respectively. 

Obviously, the modes with £'^(n = 0) < are unstable modes occupying the lowest Landau level and with spin 
parallel to B. Among them, the modes with = are the most unstable ones, which means that they have the 
largest negative value of E'^{k^ — 0). Thus, they are expected to play the main role of forming a stable state. Here we 
should remember a simple model of a scalar field with a double-well potential, — m^|(/)p + A|(/)|''/2. The state (</>) = 
is unstable and unstable modes <t>{k) with their energies E"^ = k^ — m? < arise on the state. In the case, the most 
unstable uniform mode, (/)(fc — 0), among 0(fc), condenses to form a stable state (0) — ^Jm? /X. Therefore, the most 
unstable modes with fcs = are relevant to the formation of the true ground state also in the gauge theory. Since they 
have no 3:3 dependence, they are two-dimensional objects occupying the lowest Landau level. The situation is quite 
analogous to the case in the two-dimensional electrons forming QHSs just as mentioned above. The only difference is 
that in the gauge theory gluons are bosons, while electrons are fermions. 

In order to find the stable state in the gauge theory, we extract only the most unstable modes from the Lagrangian, 
eq. (@J, ignoring the other modes coupled with them and obtain a two-dimensional Lagrangian, 

^unstable = \{id, - gAf + 2.ge|0uP - (5) 

with A = .g^/£, where the field 0u = ($1 — i^2)\f^J^ denotes the unstable modes in the lowest Landau level. (We used 
the condition that these modes occupy the lowest Landau level: (Di -|- il?2)</'u = 0.) t is the coherent length of the 
magnetic field. Here we are thinking the quark matter with its length scale £. Then, a condition of £ ^ £3 = ^/Vo^ 
must be satisfied for the consistency. Without the condition, the states of quarks and gluons can not be specified by 
Landau levels. We note that the field 0u has a color charge associated with of SU(2) algebra. This color charge is 
only a conserved quantity when the color magnetic field cx T3 is generated spontaneously in the SU(2) gauge theory. 

This Lagrangian is quite similar to the Lagrangian in eq. (0) of the superconductivity. It apparently seems that the 
ground state is simply given by {(j)u) — y/2gB/X, the condensed state of the field (pu- But it is impossible because the 
term of A^ is present in the kinetic term. If this term vanishes, the term of the negative mass also vanishes so that 
the solution (0u) 7^ does not exist. Physically, the Lagrangian ^unstable describes such a system that the particles of 
(/)u move in the magnetic field and interact with each other through a repulsive potential of a delta function. There is 
a numerical simulation 17] that the nonrelativistic particles with such a repulsive potential can form a Laughlin state 
even if they are bosons. Thus, the gluons represented by 4>u may form a quantum Hall state. 



B. Quantum Hall state of unstable gluons 

In order to see the QHS of the field, (/)u, explicitly, we introduce Chern-Simons gauge field to make composite gluons; 
bosons attached with the Chern-Simons flux. Then, a relevant Lagrangian is given by 

La = \{tdu - gA,, + a^)(l)af + 2gB\(l>af - ^\(f>a\'^ + ^af^d^ax, (6) 

2 4a 

where the statistical factor a should be taken as a = 27rx integer to maintain the equivalence of the system described 
by La to that of ^unstable- This new field 4>a represents the composite gluons attached with the Chern-Simons flux a^. 

The equivalence between Lunstabio and La has been shown |l8l | in the operator formalism although the equivalence 
had been known in the path integral formalism using the world lines of the 4'a particles. ( In the formalism the 
last term in eq. © produces a phase, e*"/'^, in wavefunctions when trajectories of two particles are interchanged. ) 
This Lagrangian corresponds to ^qhs of composite electrons. Obviously, there is the U(l) gauge symmetry such that 
4'a ~* 'f'aS^^ and — s- + S^A; a nonvanishing term, ^j^d^j^Ad^ax in La under the gauge transformation vanishes 
in the action integral J d^xLa with appropriate boundary conditions. 

In deriving equations of motion, we need to impose a condition of the modes cfia occupying the lowest Landau 
level [l9l|. The condition is given by {D^ + iDf}(j)a = with iDf = idi - gA^ + ai. Thus, adding a term C{D^ + iDf)(t>a 
to La with a Lagrange multiplier C, we derive equations of motion by taking functional derivatives in <j)a, 0.^ and C, 
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4'i ido 4>a + c.c. + 2ao |(/)qP = -T^-e^ di aj (7) 

Za 

~e,jdMa? + Sati-C^a + CUl) + k2{C^a + C^l) = -^ey(ao a, - ao) (8) 

Za 

[ido + aof cj)a + {gB - e,,d,a,^a ~ W - ^^^2)^^ = \\<Pa?<f>a (9) 

(D? + - (10) 

where we have used a formulafl^ of / d^a;|D°0aP = / (Px{\D1 + iD2)(t>a\^ + (gB + e.y(9iaj)|0aP); surface terms are 
omitted in this formula. 

We find that the solution of the uniform ground state is given such that C — 0, ai — gAf and, and (t>a are 
solutions of the equations, 



2ao|0a|' = ^ and al + 2gB ^ \\(j)a\^ . (11) 
Za 

That is, the QHS represented by the condensed state, {(t>a) = w ^ 0, arises only when the magnetic field is canceled 
by the Chern-Simons field, —etjdiaj = gB = 2apc\ Pc is given by the left hand side of eq. i.e. pc = 200^^. This 
Pc represents color charge density possessed by the gluons <j)a- The composite gluons condense to form the QHS only 
when V = i'Kpd gB is equal to 7r/a. This is quite similar to the case of the ordinary QHS mentioned above. It is easy 
to show that this state possesses appropriate Hall conductivity Oxy = (7r/a)f/^/27r. Therefore, we understand that the 
condensed state {(pa) 7^ is a QHS of gluons. It apparently seems that there are infinitely many QHSs with the filling 
factor V = ir/a because a can take infinitely many values such as n x tt with positive even integer n. In the QHSs of 
electrons, the states with small filling factors have low densities of electrons. In such a case electrons forming Wigner 
crystal is energetically more stable than electrons forming the QHSs. Actually, such QHSs with small filling factors, 
e.g. 1/9, have not been observed. We expect that similarly in the gauge theory, Wigner crystal of gluons would be 
realized when the filling factor is much small v <^ 1. The analysis is now in progress. 

We should mention that the QHS of gluons is realized in a sector with nonzero color charge, not in the vacuum 
sector; the condensed state of 0a possesses a color charge. Such a state can arise in dense quark matter where the 
color charge of quarks is transmitted to the condensate. This fact leads to the minimum number density of quarks for 
realizing a QHS, for example, QHS with ly — 1/2 where the color charge density of the condensate given by gB/Airi 
must be supplied by the quarks. Since the color charge of the quarks is a half of the gluon's, the necessary number 
density pq of the quarks for producing the QHS of the gluons is given by 



with number density p^^^ of positive ( negative ) colored quarks, where rif ~ 2 and Uc = 2 are the number of flavors 

and colors respectively, fcf denotes the Fermi momentum given by 'ij P^ — with the quark mass niq and the chemical 

potential p of the quark matter at zero temperature. Therefore, it turns out that the minimum chemical potential p 

for realizing the QHS is given by ^ {SngB/W £)^^^ + m^. We note that this value of p is necessary, not sufficient for 

the realization of the state. In this way, the presence of the dense quark matter is necessary for producing the QHS 
of gluons. On the other hand, when we are concerned with the vacuum sector, such a QHS cannot arise so that the 
ferromagnetic state is unstable. Probably, the large fluctuation of the unstable modes may form a confining vacuum 
called a spaghetti vacuum pfij . 

In order to calculate the ground state energy we derive Hamiltonian, 



H = y (^a2|</.a|2 + (5S + e,^-a,a,)|0ap-25S|(/.a|2 + -|0a|4j (13) 

Thus, the energy density E2{v) of the QHS is given by E2{v) = a^v^ — 2gBv^ + ^v'^. We should note that E2{v) 
represents the energy density in two-dimensional space and that the three-dimensional one is given by E2{v)/£. 

The behavior of the ground state solution with respect to the coupling A = g'^/£ and the filling factor ly = n/a is 
given by 
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V 



, ao — * TT" for — ^ respectively. (14) 

A 8a a 

Thus, we find that the ground state energy density ( = E2{v)/(. + JieV{gB) ) in three-dimensional space becomes 
large such as ^ \.b\^^'^{gB/4,aY^^/l as the gauge coupling constant becomes large, A oo ( or as the length scale 
of the system in the direction of the magnetic field becomes small, ^ ^ ). The fact implies that the QHS becomes 
unstable as the coupling becomes large. This is because the energy of the ferromagnetic state ( K ^ ) involving the 
QHS becomes larger than the energy of the perturbative ground state with B — we have normalized the energy 
such that the energy of the perturbative ground state vanishes at gB = 0. This is consistent with naive expectation 
that at sufficiently large , the hadronic state ( S = ) is realized instead of the ferromagnetic state: the hadronic 
or confining ground state is more stable than the perturbative ground state for such a large coupling. Therefore, at 
large coupling constants the ferromagnetic state becomes unstable and the hadronic state would be realized. 

On the other hand, E-^ ~ — 0.5(2g;B)^(Af as A ^ 0. This implies that when the coupling constant is sufficiently 
small, the ferromagnetic state is stable since it has much small energy. It apparently seems to be unnatural because 
the perturbative ground state may be realized at the small coupling. But we should mention that the QHS of the 
gluons is realized only in dense quark matter, not in the vacuum because for the realization of the QHS, the color 
charge associated with must be supplied from somewhere in the neutral system: The condensate of (pa possesses 
the color charge, which must be supplied from the quark matter. Therefore, even at small coupling constants, the 
QHS can arise as a stable state in the quark matter. ( In the vacuum the perturbative ground state is realized at 
such small coupling since there are no color charges. ) 

Analyzing small fluctuations 5(j)a, etc. aroun d the solutio n of the ground state, we can see that the energy of the 
fluctuations has a real positive gap given by \/ 4ao + 2\v'^. The fluctuations represent extended collective motions, 
while there are individual localized collective motions, namely Laughlin's quasiparticles. They are vortex topological 
solitons in the Chern-Simons gauge theory. We find from numerical analysis of such solutions that the energies of the 
solitons are positive. Therefore, no instability in the ferromagnetic state {B ^ Q) appears as a result of the formation 
of the QHS of the gluons. In the next subsection we discuss the vortex solitons in the QHS of the gluons in detail. 



C. Vortex excitations in the quantum Hall state 

Such vortex solitons arise owing to the spontaneous breakdown of the U(l) gauge symmetry of the Lagrangian in 
eq. describing spatially two-dimensional gluons. The solutions can be obtained in the following. First, we solve 
the lowest Landau level condition, + iD2)4>a ~ 0. Then, we obtain (pa — f{z)e°' where f{z) is an arbitrary 
function oi z = x -\- iy and a is defined by putting = gAi -t- eijdja. We assume that the solutions are spherically 
symmetric, namely, a{r) and ao{r) are functions only of the radial coordinate r — -^/^r^ + y^. Then, when we take 
f{z) ~ vz" = wr"e*"^, it represents a solution of a vortex with vorticity being equal to n where n is a positive integer. 
For simplicity, we consider only a solution with n — 1. Boundary conditions are such that re"^''^ — *■ 1 ( or 0a — > w 
) and ao{r) — > oq as r — > cxd, and re°''^'^^ — > as r — > for avoiding a singularity at r = 0. This boundary condition 
at r = oo leads to a quantization of color charges carried by the topological soliton. Namely, the soliton has the flux 
J (Px{—€ijdiaj — gB) = J cPxd^a = 2it where we have used the boundary condition. This means that the color charge 
of the soliton, which is the integral of the color charge density given in the left hand side of eq. {Tj), is given by n/a. 
In general it is given by n x 7r/a for the soliton with the vorticity of n. Therefore, we find that the color charge of 
the soliton is quantized. 

Taking C — z^b{r) with 6(r) being function only of r, eqs. (f7I)~@ are reduced to 

2ao(r).V2e-« = 9^+f<') (15) 

aoirf + 2gB + O^r) - ^^^^1^,9^ - vW^''^) = (16) 

The second equation can be obtained directly by inserting a solution p^ = f ze"*-^^ of the lowest Landau level condition 
into the Hamiltonian, eq. H13|l . and by taking a variational derivative in a{x). We have solved the equations numerically, 
and obtained their configurations and energies for various coupling parameter A = 5^/^ and a; Fig. 1 and Fig. 2. 
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FIG. 2: Coupling dependence of the vortex excitation 
FIG. 1: Profile of the vortex energy 



We can sec that the energy of the vortex soliton approaches zero as A goes to infinity. We note that the typical 
energy scale of the solution is given by w^(A), which goes to zero as A ^ oc'. Thus, the energy of the solution goes to 
zero as v^(X) — > 0. This indicates a possibility that the QHS becomes unstable at sufficiently large coupling constant 
of A since the energy of the bound state of a vortex ( n = 1 ) and an anti- vortex ( n = — 1 ) can become negative at 
large coupling constants. They have color charges opposite with each other and their binding energy becomes larger 
than the intrinsic energies of the vortices at large coupling constants. Then, such excitations of the bound states 
are produced unlimitedly and consequently, the QHS decays: The whole space is occupied by such solitons and the 
condensate melts because the condensate of the gluons vanishes at the center of the vortex; (pair = 0) = 0. This 
bound state corresponds to the roton excitation in the QHS of electrons. Although these arguments are speculative, 
the instability of the QHS discussed here is consistent with the instability derived from the consideration of the QHS's 
energy in A. 

We also mention that the energy of the vortex becomes a nonzero constant as a goes to infinity. Actually, we 
found that the dependence of the energy on a or the filling factor, 7r/a, is very small. The color-charge density of the 
condensate is very small at small filling factors, but the value of the field {(j)a) = v is never small. The energy of the 
soliton is governed by {(j)a) so that the energy never becomes small even as the filling factor becomes small. In this 
respect, we cannot find any instabilities of the QHS at small filling factors it /a. But as we expect, the state might 
be unstable at such a small filling factor because Wigncr crystal is energetically more stable than the QHS at such 
small color-charge density of gluons. We remember that the number diflFerence of positively color-charged quarks and 
negatively charged quarks is also small in such a case. Thus, for example, the excessive negatively charged quarks 
form Wigncr crystal. Therefore, gluons with positive charges also form Wigncr crystal, not QHS for reducing color 
Coulomb energy; in the QHS the color charge distribution of the gluons is uniform. Accordingly, it is natural to 
expect that the QHS at much small filling factor is unstable. 

D. effects of the third spatial dimension 

Up to now, we have considered the ground-state structure of gluons in two-spatial (iimension. This is because the 
unstable modes are two-dimensional objects and they may form a stable ground state with their condensation. The 
unstable modes, in general, depend on all of the coordinates in three dimensions; ^(fca < ^/'gB) ^ exp{ik2X2 +ik3X3 — 
iEik^Y) exp(— (xi — fc2^^)^/2^^) with E{k-i) = y^—gB + fc|. But, among them the modes with the largest amplitude 
as t 00, 4>{k3 ~ 0), depend only on xi and X2- They are two-dimensional objects and form the stable ground 
state, namely, the QHS of gluons as we have shown. In the derivation of the QHS we have used Chern-Simons gauge 
theory, which can be used only in two-dimensional space. In this way we have fully used two-dimensionality of the 
problem. We may wonder whether or not unstable modes with small, but nonvanishing /ca ( <C \/gB ) contribute to 
the ground state structure. We have a symmetry of the rotation around the magnetic field and of the translation 
along it. Thus, it is natural to expect that the ground state should be uniform in x^ direction. Then, the modes 
should not be important, otherwise their contributions make the ground state nonuniform in the direction. Therefore, 
it is reasonable to expect that three-dimensional eflFects on the ground state change our main result; the stable QHS 
of gluons is realized in the ferromagnetic state ( Savvidy vacuum ). 
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We also found the gap energy, A, above the ground-state energy based on the two-dimensional the ory. The effect 
of ^3 direction is simply that the corresponding mode propagating in the direction gains the energy, -^/A^ + k^. This 
is because the relativistic covariance in the direction still remains at least in the limit of infinitely large quark matter 
( ^ — *■ oo ). We may also wonder whether or not the gap-less mode with E = jfesj exists. In order to see it, we may 
assume that the fluctuation S(j)a does not have dependence on any spatial coordinates. We found that there is no such 
solution; the condition of dz5(f)^ ~ has been taken into account explicitly in our treatment. Therefore, the QHS we 
have found is really the stable gapped state of the unstable gluons. 

IV. COLOR FERROMAGNETISM VS. COLOR SUPERCONDUCTIVITY 

Until now, quarks do not play any roles for the realization of the ferromagnetic phase except for supplying color 
charges for the condensate of the gluons. But, quarks play important roles for the realization of the phase. Here, we 
briefly discuss their roles. 

In general, the energy density of the quarks in the magnetic field is smaller than that of the quarks without the 
magnetic field. ( This fact is favorable to the ferromagnetic state. ) The fact is easily understood intuitively in 
the case of strong magnetic field. When the magnetic field is sufficiently strong, all of the quarks occupy the lowest 

Landau level; their energy is given by y^TO^"^-"fc| where denotes the momentum parallel to the magnetic field of the 

quarks. Hence, the energy density of the quarks in the strong magnetic field is much lower than that of the quarks 
without the magnetic field. On the other hand, for sufficiently large number density of the quarks, equivalently, for 
sufficiently weak magnetic field, the quarks occupy much higher Landau levels. Eventually, both energy densities ( 
with and without gB ) approach to each other in the limit of p — + cx3. 

Actually, we can show that the energy density, i?quark(.9'85 p)i of the quarks in the magnetic field is lower than 
£'quark(5'S — 0, p) for any strength of the magnetic field gB. Thus, both energy densities approach each other very 
rapidly as p ^ oo; (£^quark(gS, p) - E^^^^]^{gB = 0, p)) / Eq^^^i,{gB = 0, p) < Oip'"^). 

As has been pointed out, the energy density, i?super(p), of the superconducting state of the quarks is also lower 
than EquarkigB = 0, p) due to the condensation of the quark's Cooper pairs. That is, only the quarks in the vicinity 
of the Fermi surface whose width may be given by a gap energy A, gain energy A by making Cooper pairs. The 
decrease of the energy density is given such as ~ A^ ef with the Fermi energy ef, Sf p^^^ as p — > oo. Normalizing 
it by £'quark(5^ — 0,p), we find A^ /£'quark(3'B = 0,p) oc A"^ e^'^ p~'^l^. Thus, the decrease of the energy in 
the BCS state is slower than that of the energy in the ferromagnetic state when the number density of the quarks 
increases. Therefore, when the number density of the quarks is sufficiently large, the color superconducting phase 
is energetically more favored^, 01 than the ferromagnetic phase. We have also shown that the energy decrease, 
l^-quarkls^, p) — EqumkigB = 0, p)|, of the quark state with the magnetic field is larger than the energy decrease, 
l-Esuper(p) — Equa.rk{gB = 0, p) | , of the supcrconducting state when the number density of the quarks is much small. 
Thus, the ferromagnetic phase is realized. 

In this way, the quarks play the role of realizing the superconducting phase for sufficiently large chemical potential, 
while the gluons play the main role of realizing the ferromagnetic phase for the small chemical potential. The quarks 
also play the role of realizing the ferromagnetic phase with chemical potential smaller than the one in the above. 

V. OBSERVATIONAL IMPLICATION 

The QHS of gluons is realized in quark matter. The matter can be produced by heavy ion collisions. The matter 
produced in the collisions initially has high temperature so that it is in the phase of the quark-gluon plasma. After 
that, it gradually loses its energy and then enters into the phase of the color ferromagnetic state with the QHS of 
gluons if the value of the chemical potential is appropriate. How do we detect whether or not the matter is in the 
phase? We cannot observe the color magnetic field, which is confined in the matter. But we show that the matter 
in the phase possesses a large observable magnetic moment, in other words, it produces strong observable magnetic 
fields outside of the matter. The point is that the difference between the number of positively color-charged quarks 
and that of negatively charged quarks generates a rotation of the quark matter of the ferromagnetic phase as a whole. 
The difference is a result of the realization of the QHS. When the quark matter is not electrically neutral, the rotation 
generates a magnetic moment. Suppose that the quark matter is composed of up and down quarks, and that the 
number difference between positively and negatively color-charged quarks is identical in each flavor. We consider the 
QHS with 1/ = 1/2. Then, the density difference, py- — Py-^\ of each flavor is given by the color-charge density of 
gluons in the QHS; Ap — p^ — P^f'^ = gB/Sni. A quark with electromagnetic charge Cq — 2/3 (or— 1/3) x e generates 
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a magnetic moment ( = dE{gB + CqB) /dB\B=Q ), which is of the order of eq/ {2y/'gB) in the strong magnetic field 
^/gB > TOq. Hence, the magnetization of the quark matter is given by 

where we have assumed that the strength of the color-magnetic field is \/'gB — 800 MeV and the size of the quark 
matter is £ = 3 fm. We have taken the value of gB as a reference point based on the vacuum fiuctuation of 
< {gB)^ >^ (SOOMeV)^. The observation of this strong magnetic field can be an evidence of the presence of the 
ferromagnetic phase in the quark matter. 

VI. DISCUSSION 

In this paper we have discussed only the case of the SU(2) gauge theory. Similar results hold even in the SU(3) 
gauge theory although possible structures of QHSs are much richer in SU(3) case than in SU(2) case because of the 
presence of more unstable modesQ. A particular point in the SU(3) gauge theory is the presence of a phase with 
coexistence of color ferromagnetism and color superconductivity ( so-called 2SC ) at large chemical potential. This is 
because the direction of the magnetic field in the color space is normal to the direction of the quark pair condensate. 
The details should be referred to our paper ;4j. 

Quark confinement ( hadron phase ) is caused mainly by gluon's dynamics, namely, the SU(3) gauge theory. Ground 
state structure of QCD is determined by analyzing non-perturbative dynamics of gluons in the phase. Especially, 
we need fully dynamical treatment in the gauge theory for revealing the property of the confinement. The quarks 
play no dominant roles for the confinement. For example, in the large N expansion of the SU(A^) gauge theory the 
confinement is realized at O-th order of the expansion, in which the quark loops do not arise. The contribution of the 
quarks appears in the higher order of the expansion so that the effects of the quarks can be treated perturbativcly in 
the expansion. 

On the other hand, the dynamics of the quarks play an important role for the color superconductivity in the region 
of large chemical potential of the quark number. Gluons simply give perturbation, an attractive force in an appropriate 
channel of the quarks; it makes the Fermi gas of free quarks unstable and realizes the superconducting state of the 
quarks. 

The color ferromagnetic phase is realized between the hadron phase and the color superconducting phase when 
the chemical potential is varied. Thus, it is natural to expect that both gluon and quark dynamics play important 
roles for the phase. As we have explained, indeed, the gluon dynamics plays the main role in leading to the stable 
ferromagnetic phase along with quantum Hall state of gluons when the quark matter is present. In such a case, the 
quark dynamics plays a role of choosing the ferromagnetic phase when the chemical potential is small. On the other 
hand at large chemical potential the quark dynamics plays a role of leading to and of choosing the superconducting 
phase. In other words, the gluon dynamics plays a main role in realizing the ferromagnetic state at small chemical 
potential, while the quark dynamics plays a main role in realizing the color superconducting state at large chemical 
potential. 

In this way, in QCD the carrier of the main role for determining various phases of quark matter changes from the 
gluons to the quarks when we increase the chemical potential of the quark number. 

Two of the authors ( A. I. and M. O.) express thanks to the member of theory group in KEK for their hospitality. 
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